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We discuss the properties of magnetotransport of electrons in quantum waveguides ~QWs! in the
presence of laterally inhomogeneous magnetic fields perpendicular to the QW plane. The
inhomogeneous magnetic fields can be produced by the deposition, on top of a heterostructure, of
ferromagnetic stripes with magnetization perpendicular and parallel to the two-dimensional electron
gas. It is found that the magnetoconductance in such a device as a function of the Fermi energy of
electrons exhibits square-wave-like oscillations that are strongly dependent on the geometrical
arrangement and magnetic configurations in the QWs. Different dispersions can be observed. From
analyses of the magnetic effective potential, the dispersion relations can be understood well. In some
magnetic modulations, the energy spectrum exhibits a bump superimposed upon every bulk Landau
level. It is these oscillatory structures in dispersions that lead to square-wave-like shaped modulation
in magnetoconductance, which may serve as an energy filter of electrons. © 1999 American
Institute of Physics. @S0021-8979~99!10603-0#I. INTRODUCTION
Currently much attention has been focused on the explo-
ration of the properties of electron transport in microstruc-
tures created by high mobility GaAs/AlxGa12xAs hetero-
structures in a perpendicular magnetic field.1 In these
structures various energy dispersion relations and novel
transport behaviors of electrons can be observed. These
physical properties offer concepts of new quantum devices.
One important low-dimensional device is the quantum wave-
guide ~QW! which can be achieved via field effects on a
two-dimensional electron gas ~2DEG! system.2,3 Another im-
portant quantum interference device is dual-coupled quan-
tum waveguides. A number of authors have focused on stud-
ies of coupled quantum waveguides in zero and finite
magnetic fields due to their applications to the electronic
waveguide direction coupler.4–11 Electron transport proper-
ties in nonuniform magnetic fields have also attracted much
attention and have been under intensive investigation in re-
cent years.12–23 With the application of spatially inhomoge-
neous magnetic fields, a number of alternative magnetic
structures were proposed on 2DEG,24–28 such as magnetic
superlattices by the patterning of ferromagnetic materials in-
tegrated by semiconductors.24 To date, most investigations
are focused, theoretically or experimentally, on the effect of
inhomogeneous magnetic fields modulated along the trans-
port ~longitudinal! direction of QWs. To our knowledge, the
effect of laterally inhomogeneous magnetic fields in QWs
still receives little attention.12–16
Recently, Mu¨ller studied the single-particle electronic
structure of a 2DEG in a wide quantum waveguide with an
a!Electronic mail: guby@aphy.iphy.ac.cn; jianwang@hkusub.hku.hk1590021-8979/99/85(3)/1591/6/$15.00
Downloaded 14 Nov 2006 to 147.8.21.97. Redistribution subject to inhomogeneous magnetic field applied.12 He found that in
the presence of a laterally linear varying magnetic field in the
interior of the sample the Landau states are no longer sta-
tionary but propagate perpendicularly to the field gradient
and exhibit a remarkable time-reversal asymmetry. This
means that in the presence of such an inhomogeneous mag-
netic field in the 2DEG, which creates two different mag-
netic domains, there exist current-carrying states ~hereafter
referred to as magnetic edge states! near the interface be-
tween two domains. These magnetic edge states possess
quite different characteristics from conventional ones. Thus,
various new phenomena of electron transport in magnetic
modulation structures are expected.14,15
In previous work,14 we have theoretically investigated
electronic states and magnetotransport properties of QWs in
the presence of step-varying magnetic fields. It was found
that the magnetoconductance in such a structure as a function
of the Fermi energy of electrons exhibits a staircase type
variation or square-wave-like shaped oscillations, depending
on the specific magnetic configurations in the QWs. The
properties of the magnetotransport of electrons are closely
related to the magnetic effective potential and energy disper-
sions in the structures. Only in some three-magnetic-strip
structures, do the dispersion relations of magnetic scattering
states exhibit oscillation structures superimposed on bulk
Landau levels. It is the oscillatory behavior in dispersions
that leads to square-wave-like modulation in conductance.
Motivated by this work, the purpose of this article is to
provide an extended investigation of electronic states and
magnetotransport properties for QWs in the presence of more
realistic magnetic fields instead of ideal step-varying fields.
Experimentally, inhomogeneous magnetic fields on the na-
nometer scale can be realized with, for instance, the creation1 © 1999 American Institute of Physics
AIP license or copyright, see http://jap.aip.org/jap/copyright.jsp
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materials,24 and the deposition of type-II superconducting
materials onto heterostructures.30 More recently, Matulis
et al.31 proposed four realistic magnetic barriers produced by
the deposition, on top of a heterostructure, of ferromagnetic
thin film, or of conducting stripes, or of superconducting
plates interrupted by a stripe. The question is raised, What
happens to the behavior of the magnetotransport of electrons
in QWs under the application of realistic magnetic fields?
From our calculations, it was shown that the application of
laterally inhomogeneous magnetic fields to QWs can pro-
duce various energy dispersions and different patterns of
magnetoconductance. The energy dispersions strongly de-
pend on the geometrical and magnetic configurations. For
some magnetic modulation structures, the conductance spec-
trum exhibits well-defined square-wave-like shaped oscilla-
tions. In these cases, the energy dispersions present a wide
bump superimposed upon each bulk Landau level, leading to
square-wave-like oscillations in magnetoconductance. The
basic feature of the model device is insensitive to the elimi-
nation of small fine structures in the magnetic field distribu-
tion. When replacing the realistic field distribution by its
average field with the step-varying profile, the main results
are essentially preserved.
This article is organized as follows. In Sec. II there is a
brief description of the model devices and the necessary for-
mulas used in the calculations. The calculated results are
presented in Sec. III with analyses. A brief summary is in
Sec. IV.
II. MODEL AND FORMULAS
The system considered is a long narrow quantum wave-
guide with a width W subject to an inhomogeneous magnetic
field perpendicular to the QW lying in the X2Y plane. We
choose, for simplicity of calculation, the hard-wall confine-
ment potential for the boundaries. The transverse potential
inside the QW is set to zero, i.e.,
Vc~y !5H 0, 0<y<W ,` , otherwise.
The magnetic field is oriented along the zˆ direction. As a
prototype, two types of magnetic field modulations are con-
sidered here; they may be produced by the deposition, on top
of a heterostructure, of a ferromagnetic stripe with magneti-
zation ~a! perpendicular and ~b! parallel to the 2DEG located
at a distance z0 below the stripe; cf. Figs. 1 ~a! and 1~b! in
Ref. 31. For these two types of modulations, the correspond-
ing magnetic field distributions in the 2DEG can be ex-
pressed by B5B(y ,z0)zˆ,
B~y ,z0!5B0@K~Y1d0/2,z0!2K~Y2d0/2,z0!# , ~1!
where Y5y2y0, y0 stands for the y coordinate of the center
line of the ferromagnetic stripe; ~a! B05M 0h/d0 , K(y ,z0)
52yd0 /(y21z02), and ~b! B05M 0h/d0 ,K(y ,z0)52z0d0 /
(y21z02), in which M 0 is the magnetization of the ferromag-
netic stripe, and d0(h) is the thickness ~height! of the stripe.
It has been assumed here that magnetic stripe is extremely
thin, i.e., h/d0!1 and h/z0!1. According to the LandauDownloaded 14 Nov 2006 to 147.8.21.97. Redistribution subject to gauge, the vector potential is A5(2A0(y ,z0),0,0) and the
magnetic field is given by B(y ,z0)5dA0(y ,z0)/dy . There-
fore, the vector potential possesses the following explicit
expressions:27
A0~y ,z0!5B0d0 ln
~Y1d0/2!21z0
2
~Y2d0/2!21z0
2 , ~2!
A0~y ,z0!5B0d0F tan21S Y2d0/2z0 D2tan21S Y1d0/2z0 D G , ~3!
for cases ~a! and ~b!, respectively. The wave function of the
Schro¨dinger equation of a single electron for a two-
dimensional system can be expressed as
C~x ,y !5e1ikxxc~y !, ~4!
where c(y) satisfies the one-dimensional Schro¨dinger equa-
tion
H 2 \22m* d2dy2 1 \22m* @kx2eA0~y !/\c#21Vc~y !J c~y !
5Ec~y !. ~5a!
Here, m*50.067m0 is the electron effective mass for GaAs.
The magnetic field enters into the Schro¨dinger equation as an
additional momentum proportional to the vector potential.
For the convenience of the following discussions, we intro-
duce the effective potential incorporating the effect of the
magnetic field as Veff(y), and rewrite Eq. ~5a! as
F2 \22m* d2dy2 1Ve f f~y !1Vc~y !Gc~y !5Ec~y !, ~5b!
where Veff(y) is given by
Veff~y !5
\2
2m*
@kx2eA0~y !/\c#2. ~6a!
The total potential is V(y)5Ve f f(y)1Vc(y). To solve this
equation, we expand c(y) in terms of a set of complete
bases, corresponding to the transverse eigenfunctions of the
QW at zero field,
c~y !5(j51
Ns
f j~y !c j , ~7!
where
f j~y !5A 2W sinS p jW y D ,
and c j is determined by
(j51
Ns H F S kFWp D 22 j2Gdn j
2^nuFkx Y S pW D22A0~y !W/f0G2u j&J c j50, ~8!
where kF
2 52m*EF /\2, f05hc/e is the quantum flux, and
^nuG~y !u j&[E
0
W
f n~y !G~y ! f j~y !dy .AIP license or copyright, see http://jap.aip.org/jap/copyright.jsp
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energy is measured in units of E15(\2/2m*)(p/W)2; the
length is measured by W . The effective potential of Eq. ~6a!
can be written as
V˜ eff~y !5Veff~y !/E15@k˜x22A0~y !W/f0#2, ~6b!
where k˜x5kx /(p/W). It is worth pointing out that this ef-
fective potential possesses the following scaling invariance:
When W!aW , d0!ad0 , and at the same time B0
!B0 /a2, the normalized effective potential remains un-
changed. Equation ~8! can be solved on an expanded
basis.23,32 For a given Fermi energy EF , we obtain a set of
eigen-wave numbers $6kx ,n% and eigen-wave functions
$cn
6(y)%.
Assuming that two reservoirs connected to the QW fill
all the edge states of electrons below the Fermi energy com-
pletely, and that the QW is long enough so that there is no
backscattering process related to the end of the QW, then, the
magnetoconductance of the structures is given by33
G~EF!5~2e2/h !Np~EF!, ~9!
where Np(EF) stands for the number of propagating modes
with positive group velocity at the Fermi energy EF . The
group velocity of an electron in the propagating mode ca is
evaluated with
va5
\
m*
E
0
W
ca*Fka2 2pA0~y !f0 Gca~y !dy . ~10!
III. RESULTS AND ANALYSES
We now calculate the energy spectrum and the magne-
toconductance of the system where we have fixed the width
of the QW to be W52000 Å. First, we consider a model
device in which the 2DEG is subjected to an inhomogeneous
magnetic field produced by a ferromagnetic stripe with mag-
netization perpendicular to the QW plane. The schematic
view of the structure is shown in the inset of Fig. 1~a!. The
2DEG is located at a distance z0 below the magnetic stripe.
The ferromagnetic stripe is placed at the central position on
top of the QW. The separation between the edge of the stripe
and the boundary of the QW denotes a0 . We set a05W/4,
d05W/2, z˜05z0 /d050.1, and the maximum of the mag-
netic field Bmax53 T. The reduced distribution of the realis-
tic magnetic field is displayed by a solid line in Fig. 1~a!. For
a comparison, its average field with a stepwise profile is also
depicted in Fig. 1~a! by a dashed line. The energy dispersion
relation of the electron is displayed in Fig. 1~b!. The calcu-
lated conductance as a function of the Fermi energy of elec-
trons is plotted in Fig. 1~c!.
Considering the structure symmetry of this device, it is
expected that the dispersion curves should be symmetric
about k˜x50 point. It is seen from Fig. 1~b! that the energy
spectrum seems to be made up of three groups of dispersion
curves. Two groups of dispersion curves demonstrate a semi-
parabolic nature, and belong to two negative weak field re-
gions in the QW. They form the left and right branches of the
dispersions. The central part of the dispersion curves has
contributions from positive strong field region, in whichDownloaded 14 Nov 2006 to 147.8.21.97. Redistribution subject to there exist both bulk Landau levels and magnetic edge states.
Owing to the presence of magnetic domains, the strong cou-
pling between magnetic edge states leads to splitting and
crossing of the levels, and to substantial distortion of the
dispersion curves. The corresponding conductance as a func-
tion of the Fermi energy of electrons is displayed in Fig.
1~c!. It exhibits basically a square-wave-like pattern consist-
ing of a series of valleys with different widths as well as
plateaus with different heights and widths.
To have a better understanding of the character of dis-
persion curves, we display a profile of the magnetic effective
potential Veff(y) for several k˜x in Fig. 1~d!. It is clearly seen
that the profile of the effective potential achieves space-
reversal symmetry with respect to the center line of the QW
when the sign of k˜x is reversed. For the finite values of uk˜xu,
all the effective potentials exhibit barrier-well structures. The
total potential seems to be an infinite depth quantum well
with a parabolic-shaped bottom. A series of quantization lev-
els survived in these quantum subwells. When k˜x;0, the
effective parabolic well is located at the center of the sample.
The structure of the bulk Landau levels dominates. Thus the
nearly flat plateaus around k˜x;0 emerge in the dispersions.
Note that the shape of the plateaus behaves slightly concave,
just corresponding to the concave varying tendency in the
magnetic field distribution in the central region of the QW.
Roughly speaking, this model device is quite similar to
the QW with a three-magnetic-strip-modulation structure
that was discussed in Ref. 14 ~cf. Fig. 6 in Ref. 14!. In order
to present a detailed comparison of the character of the QW
under application of the realistic magnetic field and its aver-
age field with a stepwise profile, we prefer to demonstrate
FIG. 1. Results for the QW in the presence of a laterally inhomogeneous
magnetic field perpendicular to the QW plane. The magnetic field is pro-
duced by the deposition, on top of the QW, of a ferromagnetic stripe with
magnetization perpendicular to the QW plane located at a distance z0 below
the stripe. A schematic representation of a model device is shown in the
inset of ~a!. ~a! Distribution of the realistic ~solid line! and the average
~dashed line! magnetic fields. ~b! Energy dispersion relations. ~c! Calculated
conductance ~ in units of 2e2/h) as a function of Fermi energy. ~d! Magnetic
effective potential. The relevant parameters chosen are QW width W
52000 Å, a05W/4, d05W/2, z˜05z0 /d050.1, and Bmax53 T.AIP license or copyright, see http://jap.aip.org/jap/copyright.jsp
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wise varying field which is shown by a solid line in Fig.
2~a!. The corresponding dispersion curves, the calculated
conductance spectrum, and the magnetic effective potential
are demonstrated in Figs. 2~b!–2~d!, respectively. Compar-
ing them with their analogs in Fig. 1, it is evident that they
exhibit similar patterns, with little difference. For instance,
the Landau plateaus in the dispersions become quite flat. The
conductance behavior in the average field case exhibits well-
defined square-wave-like oscillations compared with Fig.
1~c!. From a global point of view, we can safely say that the
essential character of the QW is basically retained when the
realistic magnetic field is replaced by its average stepwise
field.
The particular distribution of the magnetic field pro-
duced by the ferromagnetic stripe depends on the distance
z0 . We now reveal the characteristic of the QW by changing
the distance to z˜050.5. All the other parameters remain the
same as those in Fig. 1. The profile of the realistic ~average!
magnetic field is shown in Fig. 3~a! by a solid ~dashed!
curve. It is evident that the profile of the magnetic field ex-
hibits a sinusoidal function form. The corresponding energy
dispersions, the conductance spectrum, and the magnetic ef-
fective potential are depicted in Figs. 3~b!–3~d!, respec-
tively. It is clearly seen from Fig. 3~b! that the dispersions
are composed of three groups of dispersion curves. The left
~right! branch has contributions from the negative weak
magnetic field region around y /W50 (y /W51), and exhib-
its a parabolic shape in the dispersions. However, the middle
of the dispersions is ascribed to the contribution from a posi-
tive strong field region around y /W50.5 @see Fig. 3~a!#, ex-
isting at bulk Landau levels. The dispersions are symmetric
due to the symmetry of the magnetic field distribution in the
sample. Since the strength of the magnetic field in the middle
region is larger than that in the other two regions near the
boundaries, the subbands in the middle region lift up. Fi-
nally, bumps are formed and superimposed on the bulk Lan-
dau levels in the central region in k˜x space. At the same time,
FIG. 2. Same as Fig. 1 except for the magnetic field distribution taking an
average field with a step-varying version ~solid line!.Downloaded 14 Nov 2006 to 147.8.21.97. Redistribution subject to distinct minigaps are created. The dispersions display oscil-
latory structures. When scanning the Fermi energy, it is these
bumps and minigaps that lead to the well-defined square-
wave-like shaped oscillations in the conductance spectrum,
seen in Fig. 3~c!.
To provide a good explanation of the behavior of the
dispersions, we present the calculated magnetic effective po-
tential in Fig. 3~d!. It is clearly seen that the potential per-
forms space-reversal symmetry mapping with respect to the
center line of the model device if the sign of k˜x is reversed.
When k˜x50, Veff exhibits a nearly parabolic-potential well
form with a finite depth. Consequently, a series of bulk Lan-
dau levels are produced. Note that the bumps superimposed
on the bulk Landau plateaus almost correspond to the maxi-
mum of the cosine-like function of the magnetic field distri-
bution. As uk˜xu increases from zero, the shape of parabolic-
potential well is substantially distorted. When uk˜xu is much
larger, the total potential behaves like an infinite-depth trian-
gular well declined to the boundary wall. Thus the boundary
states dominate the property of the transport of electrons and
they decide the profiles of the rightmost and leftmost
branches in the dispersions.
Notice in Fig. 3~d! the difference in the magnetic effec-
tive potentials for electrons moving in the positive kx direc-
tion and electrons moving in the negative kx direction. For
large uk˜xu the effective potential behaves like a semi-
parabolic potential. The minima of the potentials are located
at different positions in space for kx.0 and kx,0 propagat-
ing modes, and consequently the maxima of electron prob-
ability densities appear in different spatial positions in the
QW. Electrons with positive kx are confined in the right-half
region of the QW and electrons with negative kx are confined
in the left-half region of the QW. It is therefore not surpris-
ing that electrons in such a QW will propagate along differ-
ent boundaries.
Also in order to provide a detailed comparison of the
characteristics of the model device after replacing the realis-
tic field by its average field with a stepwise shape, we dis-
FIG. 3. Same as Fig. 1 except for z˜05z0 /d050.5.AIP license or copyright, see http://jap.aip.org/jap/copyright.jsp
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in Fig. 3, it is found that this replacement influences the
performance of the device only slightly less.
We now envisage the feature of the QWs subjected to an
inhomogeneous magnetic field with a different version. The
magnetic field is produced by a ferromagnetic stripe with
magnetization parallel to the QW plane; the 2DEG is located
at a distance z0 below the stripe. A sketch of the structure is
shown in the inset of Fig. 5~a!. We place the stripe attached
to the right-boundary wall of the QW. The separation be-
tween the left edge of the stripe and the left-boundary wall
denotes a0 . The parameters are W52000 Å, a05W/2, d0
FIG. 4. Same as Fig. 3 except for the magnetic field distribution taking an
average field with a stepwise-varying profile ~solid line!.
FIG. 5. Results for the QW in the presence of a laterally inhomogeneous
magnetic field, which is created by a ferromagnetic stripe with magnetiza-
tion parallel to the QW plane located at a distance z0 below the stripe. A
sketch of the structure is displayed in the inset of ~a!. ~a! Distribution of the
realistic magnetic field. ~b! Energy dispersion relations. ~c! Calculated con-
ductance ~in units of 2e2/h) as a function of Fermi energy. ~d! Magnetic
effective potential. The relevant parameters are W52000 Å, a05W/2, d0
5W/2, z˜05z0 /d050.1, and Bmax55 T.Downloaded 14 Nov 2006 to 147.8.21.97. Redistribution subject to 5W/2, z˜05z0 /d050.1 or 0.5, and Bmax55 T. The distribu-
tions of fields are illustrated in Figs. 5~a! and 6~a! for z˜0
50.1 and z˜050.5, respectively. The corresponding energy
dispersions are shown in Figs. 5~b! and 6~b!, respectively.
The calculated conductance spectra are displayed in Figs.
5~c! and 6~c! and the magnetic effective potentials are de-
picted in Figs. 5~d! and 6~d!, respectively. Both the conduc-
tance spectra behave like square-wave oscillations. The con-
ductance spectrum in Fig. 6~c! exhibits a more regular
pattern than that in Fig. 5~c! owing to a smoother variation of
the magnetic field distribution @see Fig. 6~a!#. The conduc-
tance spectrum behaves like regular square-wave-like shaped
oscillations, and the sharp peak structures disappear com-
pletely. The origin of the conductance oscillations can be
explained by similar discussions to those mentioned above.
It is worth emphasizing the fact that the particular pat-
terns of the spectra strongly depend on the geometric struc-
tures and magnetic modulations. When changing these fac-
tors, various patterns can be observed. For instance, in case
~b!, when a050 , d05W , and z˜050.1 or when placing the
magnetic stripe on the central position of the QW, with d0
5W/3, a05W/3, and z˜050.1, the conductance spectrum ex-
hibits a trivial staircase version.
IV. SUMMARY
We have revealed transport properties of electrons in
QWs subjected to a realistic inhomogeneous magnetic field.
We considered two types of magnetic field modulations,
which may be achieved by the deposition, on top of a het-
erostructure, of ferromagnetic stripes with magnetization ~a!
perpendicular and ~b! parallel to the 2DEG. It is found that
the magnetoconductance spectra in such devices exhibit
square-wave-like shaped oscillations, strongly dependent on
the geometrical structures and the particular distribution of
the magnetic fields in the QWs. To understand the origin of
the oscillatory magnetoconductance spectra, we have calcu-
lated the energy dispersion relations of electrons in propagat-
FIG. 6. Same as Fig. 5 except for z˜050.5.AIP license or copyright, see http://jap.aip.org/jap/copyright.jsp
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Due to the effect of the magnetic effective potential, for
some magnetic modulation structures, the corresponding dis-
persions are composed of a bump superimposed on every
bulk Landau level, forming oscillation structures and mini-
gaps. It leads to the square-wave-like conductance spectrum.
From a global point of view of the characteristics of the
devices, the replacement of the realistic field by its average
field with a step-varying profile has little influence. A new
way of artificially tailoring the conductance spectrum is pro-
posed by introducing the lateral modulations of magnetic
fields.
Finally, we would like to comment on the possibility of
realizing, experimentally, the model devices we have studied
in this article. Inhomogeneous magnetic fields on the nanom-
eter scale can be established with the use of several
methods.24–26,29–31 For our model devices, lateral inhomoge-
neous magnetic fields may be produced with a stripe of fer-
romagnetic thin film deposited on a heterostructure24–26 or
through the integration of lithgraphically patterned supercon-
ducting materials on the top of the heterostructures.30,31 Pro-
ducing the ideal magnetoconductance spectrum with a
well-defined-square-wave-like shaped pattern requires an ap-
propriate high field. For instance, in the sample shown in
Fig. 1~a!, the magnetization of the ferromagnetic stripe
is required to be M 05B0d0 /h5(Bmax/12.196)(d0 /h)
50.246(d0 /h)T when Bmax53 T. If we set h/d050.2, then
M 051.23 T. Of course, this magnetization value still is too
large in practice. However, we have indicated in Sec. II that
the pattern of the magnetoconductance spectrum is essen-
tially decided by the magnetic effective potential given in
Eq. ~6b!, and this effective potential possesses the following
scaling invariance. When W!aW , d0!ad0 , and at the
same time B0!B0 /a2, the normalized effective potential
remains invariant. Therefore, we may employ a ferromag-
netic stripe of large thickness to reduce its necessary magne-
tization to match practical fabrication.
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